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Abstract
One important issue raised in magnetism studies is the thermal response of various mag‐
netic properties. This topic is known as the magnetic thermal hysteresis (MTH) which is
principally associated with magnetic phase transitions. The MTH is of particular interest
for both quantum and applied physics researches on magnetization of nanomaterials.
Hysteresis of the temperature-induced structural phase transitions in some materials and
nanostructures with first-order phase transitions reduces useful magnetocaloric effect to
transform cycling between martensite (M) and austenite (A) phases under application. In
additional, the size, surface and boundary effects on thermal hysteresis loops have been
under consideration for the development of research on nanostructured materials. Exper‐
imental data indicate that nanostructured materials offer many interesting prospects for
the magnetization data and for understanding of temperature-induced M-A phase transi‐
tions. In this chapter, we have presented a review of the the latest theoretical develop‐
ments in the field of MTH related to the structural phase transitions for the core-surface
nanoparticles based on the fundamental formulation of pair approximation in Kikuchi
version.
Keywords: Thermal hysteresis, Nanoparticles, Martensite, Austenite, Pair approximation
1. Introduction
The phenomenon of hysteresis is encountered in many areas of physics. It is associated with
the delay of the dynamic response of cooperative systems to external perturbation. During a
heating–cooling process in a system, thermal hysteresis (TH) commonly appears accompany‐
ing phase transitions. In particular, it is regarded as a signature of the first-order phase
transition. But, the TH is less known than the magnetic hysteresis (MH), which is another type
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of hysteresis in magnetism [1]. Rao and Pandit [2] studied both TH and MH, and they found
that TH seems to belong to a different universality class than MH in the same relaxational
model.
One important issue raised in magnetism studies is the thermal response of various magnetic
properties. This topic is known as the magnetic thermal hysteresis (MTH) or TH in magneti‐
zation, which is principally associated with magnetic phase transitions (MPTs). Many bulk
materials with MPTs have been discovered to exhibit significant MTH behaviour. Among
those materials, well known samples are spin crossover compounds [3–8], manganites [9],
superconductors [10, 11], magnetic multilayers [12, 13], ferrimagnetic and metamagnetic alloys
[14, 15], polycrystalline samples [16], manganite thin films [17] and manganite perovskites [18].
Thermal hysteresis occurs in these samples because the transitions between various magnetic
phases occur at different temperatures for the heating and cooling processes. Furthermore, the
temperature span of the TH can be substantially reduced by applying an external magnetic
field. The thermoelastic austenite–martensite transformations in Heusler and shape memory
alloys were also characterized by the TH loops [19–21].
Apart from the above investigations of bulk systems, the MTH is of particular interest for both
quantum and applied physics researches on magnetization of nanomaterials. Several groups
studied some important physical properties of various types of nanostructures using the
properties of TH loops. For example, from the thermal response of conductivity for the gold
nanoparticles (NPs), a phase transition phenomenon was revealed by a temperature criticality
by Sarkar et al. [22]. Based on Ising-like treatment of the MTH and using Monte Carlo
algorithm, Kawamoto and Abe [23] obtained smaller hysteresis width when the volume of the
spin crossover NPs was decreased. Also, using the same treatment, the simulated hysteretic
loops become closer to the experimental ones [24, 25].
On the other hand, hysteresis of the temperature-induced structural phase transitions in
nanostructures with first-order phase transitions reduce useful magnetocaloric effect to
transform cycling between martensite (M) and austenite (A) phases under application. In
addition, the size, surface and boundary effects on thermal hysteresis loops have been under
consideration for the development of research on nanostructured materials. Experimental data
indicate that nanostructured materials offer many interesting prospects for the magnetization
data and for understanding of temperature-induced martensite/austenite phase transitions.
In this chapter, we shall review the latest theoretical developments in the field of MTH related
to the structural phase transitions for the core/surface (C/S) NPs based on the fundamental
formulation of pair approximation in Kikuchi version.
2. Basics of the theoretical model
2.1. Definition of a nanoparticle with core/surface morphology
For a noninteracting spherical nanoparticle, arrays of spins are generally considered on a
hexagonal lattice in 2D, as shown in Fig. 1 [26]. This structure may also be extended to
hexagonal closed packed (hcp) lattice for any three-dimensional (3D) case which is not covered
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in Fig. 1 but is illustrated in a recent publication by Yalçın et al. [27]. Similarly, a square lattice
in 2D (shown in Fig. 2) is enlarged to simple cubic lattice (sc) in 3D for a cubic nanoparticle.
For the number of shells in both structures, each lattice is related to the radius (R) of the
nanoparticle [27–29]. Therefore, the value of R contains a number of shells and the size of a
nanoparticle increases as the number of shells increases. The shells (R) and their numbers are
only bounded to the nearest-neighbour pair exchange interactions (J) between spins. To
provide the magnetization of the whole particle, each of the spin sites, which stand for the
atomistic moments in the nanoparticle, are described by Ising spin variables that take on the
values Si = ± 1, 0. For a core/surface (C/S) morphology, all spins in the nanoparticle are
organized in three components that are core (C, filled circles), interface (or core-surface) (CS)
and surface (S, empty circles) parts. The number of spins in these parts within the C/S-type
nanoparticle are denoted byNC , NCS  and NS , respectively. But, the total number of spins (N)
in a C/S nanoparticle covers only C and S spin numbers, i.e. N = NC + NS . On the other hand,
the numbers of spin pairs for C, CS and S regions in 2D are defined by NPC =(NCγC / 2)−NCS ,
NPCS =2NCSγCS / 2  and NPS = NSγS / 2 , respectively, where the lattice coordination numbers of
the regions are γC =6, γCS =γS =2 for hexagonal lattice and γC =4, γCS =2, γS =0 for square lattice.
Figure 1. Schematic representation of a nanoparticle on a hexagonal lattice in 2D exhibiting three shells of spins. Filled
and empty circles represent the core and surface atoms while solid, dashed and dotted lines correspond to core, core/
surface and surface pairs, respectively.
2.2. Blume–Emery–Griffiths model
The Blume–Emery–Griffiths (BEG) model is one of the well-known spin lattice models in
equilibrium statistical mechanics. It was originally introduced with the aim to account for
phase separation in helium mixtures [30]. Besides various thermodynamic properties, the
model has been extended to study the structural phase transitions in many bulk systems. By
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means of mean-field theory (MFT) and Monte Carlo (MC) simulations, magnetostructural
phase transitions in some alloys were described via degenerate BEG models in terms of
magnetoelastic interactions [31]. In the light of above applications, we have recently used the
ordinary BEG model for the investigation of MT/AT transitions in NP systems and observed
the behaviours of the MTH loops [28, 29]. In the following, we mention briefly the definition
of the BEG Hamiltonian and show clearly how it is modified for the C/S NPs with hexagonal
and square lattice structures.
For a spin configuration {Si}, the ordinary BEG model is described by the Hamiltonian
{ } 2 2 2 2
, , , ,
( ) ( ),i i j i j i j i j
i j i j i j i j
H S J S S K S S D S S h S S= - - - + - +å å å å (1)
where < i, j >  indicates a sum over the nearest neighbours.J , K , D, h  denote, respectively, the
dipolar (or bilinear) exchange energy between nearest-neighbour spins, the quadrupolar (or
biquadratic) exchange coupling, the single-ion anisotropy constant (or crystal-field parameter)
and the external magnetic field. The above parameters are in units of kT (k  Boltzmann constant
and T  temperature). Using various techniques, the model has been analyzed globally, for both
negative (J, K < 0) and positive (J, K > 0) interactions, to obtain the equilibrium phase properties
[32, 33]. Here, J < 0 and J > 0 cases correspond to ferromagnetic (FM) and antiferromagnetic
(AFM) dipolar interactions, respectively. When J = 0, a paramagnetic (PM) character exists in
the system for all temperatures. Similarly, the cases K < 0 and K > 0 describe the repulsive and
attractive biquadratic interactions, respectively, and determine the rich phase diagrams with
multicritical topology [33]. In the case of K = 0, the model is known as the Blume–Capel (BC)
model.
Figure 2. Same as Fig. 1 but for a nanoparticle on a square lattice.
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The model Hamiltonian (Eq. 1) is now divided into three parts for the C/S NPs given by
H = HC + HCS + HS  with
2 2 2 2
, , , ,
2 2
, ,
2 2 2 2
, , , ,
( ) ( ),
,
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(2)
where Si  and  σi  are named as the C and S spin variables, respectively. In Eq. (2) JC , JCS , JS  are
the bilinear and KC , KCS , KS  are the biquadratic exchange interactions for C, CS and S spins,
respectively. Moreover, single-ion anisotropy parameters for C and S spins are denoted by the
letters DC  and DS , respectively. If JC = JCS = JS = J0 and KC = KCS = KS = K0 the particle is known
as homogeneous (HM) nanoparticle while one of the conditions JC ≠ JCS ≠ JS , JC = JCS ≠ JS ,
JC ≠ JCS = JS , JCS ≠ JC = JS , KC ≠KCS ≠KS , KC = KCS ≠KS , KC ≠KCS = KS , KCS ≠KC = KS  corresponds to
a composite (CM) nanoparticle.
2.3. Fundamental formulation of pair approximation in Kikuchi version
In the pair approximation proposed by Kikuchi [34], each spin case is indicated by pi, which
is also so entitled the point or state variables. These point/state variables obey the normaliza‐
tion relation
1.i
i
p =å (3)
Using the pair correlations between spins, another types of internal (or bond/pair) variables
denoted by Pij are introduced. Pij (with a symmetry Pij = P ji) means the medial number of the
states in which the first members of the nearest-neighbour pair is in state i and second member
in state j. The bond variables are also normalized by
,
1,ij
i j
P =å (4)
and connected with state variables through the relations
,
.i ij
i j
p P=å (5)
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In order to determine an expression for the bond variables, we define the interaction energy
(E) and entropy (SE) of system in terms of these variables as
,
,2 ij iji j
E N Pgb e= å (6)
, ,
( 1) ln( ) ln( ) ,2E i i ij iji j i j
S Nk p p P Pggæ öç ÷= - -ç ÷è øå å (7)
where β =1 / kT , γ is the coordination number for a lattice site and N  is the number of these
sites. The εij parameters in Eq. (6) are called the bond energies for the spin pairs (i, j) and
determined from Eq. (1). The free energy (Φ) per site can be found from
( ).EF E TSN N
b bF = = - (8)
The minimization of Eq. (8) with respect to Pij (∂Φ / ∂Pij =0) leads to the following set of self-
consistent equations for the system at equilibrium:
1 ( 1)/ 1( ) exp( ) ,ij i j ij ijP Z p p Z eg g be- - -= - º (9)
where Z  is the partition function:
,
exp(2 / ) .ij
i j
Z ebl g= =å (10)
Here, λ is introduced to maintain the normalization condition. In many works in the literature,
Eq. (9) was easily applied to investigate magnetic properties of various spin models for the
bulk materials [35, 36]. But, for the applications to the magnetic NPs systems, one needs to
define the energy parameters εij appearing in Eq. (9) as
,C C CS CS S Sij P ij P ij P ijN N Ne e e e= + + (11)
where bond energies εijC , εijCS  and εijS  of three regions are found using Eq. (2) as listed in Table
1. The average magnetization (M) of the nanoparticle is the excess of one orientation over the
other orientation, also named the dipole moment. It is found from the definition
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0 0( )M P P P P P P++ + +- -+ - --= + + - + + (12)
Using the numerical solutions of Eq. (9) by the iteration technique, the MTH curves are drawn
easily from Eq. (12). For some selected exchange energies, the MTH behaviours and the
temperature-induced M–A phase transitions within the C/S smart NPs are reproduced from
our recent publications [28, 29] as in Figs. 3–6.
C CS S
ε++ − JC −KC −2DC −2h − JCS −KCS − JS −KS −2DS −2h
ε+0 −DC −h 0 −DS −h
ε+− + JC −KC −2DC + JCS −KCS + JS −KS −2DS
ε0+ −DC −h 0 −DS −h
ε00 0 0 0
ε0− −DC + h 0 −DS + h
ε−+ + JC −KC −2DC + JCS −KCS + JS −KS −2DS
ε−0 −DC + h 0 −DS + h
ε−− − JC −KC −2DC + 2h − JCS −KCS − JS −KS −2DS + 2h
Table 1. Bond energies for the C/S nanoparticle
3. Calculations and discussion
3.1. Thermal hysteresis for hexagonal nanoparticles
We firstly analyze the MTH loops for the homogeneous hexagonal nanoparticles (HM-HNPs)
using JC = JCS = JS = J0 = 1.0; KC = KCS = KS = K0 = –0.6 under zero magnetic field (h = 0.0). Fig. 3
represents the behaviours of these loops for the particles with R = 4 and R = 5 shells. In the
figure, each coloured curve is drawn for one value of single-ion anisotropy (D0) with DC = DS
= D0. The thermal behaviour of the particles’ magnetization is somewhat different from that
of bulk materials. We see clearly (Figs. 3a and 3b) that the magnetization returns to the original
point after a complete cycle. The cycles are a specific class of both major and minor hysteretic
loops, for which the temperature is reversed only once. For a structural transition, the heating/
cooling modes are to be distinguished. Each coloured curve represents both heating and
cooling processes according to directions of the arrows. Therefore, the calculations start at a
low temperature below the austenite start temperature (AS) where the magnetization starts to
increase sharply until the austenite finish temperature (AF) is reached. The structure between
these two temperatures with AS < AF corresponds to a strongly austenite phase. After passing
through a maximum, the magnetization decreases as the temperature increases and converges
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to zero from another austenite finish temperature AF1 to austenite start temperature AS1 where
we observe a weakly austenite phase with AF1 < AS1. On the other hand, the cooling process
concerns the structural changes associated with martensitic transitions. This may cause an
abrupt change of magnetization where a weak martensite phase occurs. The new characteristic
temperatures related to the increase in magnetization are denoted by MS1 and MF1 (MS1 < MF1)
corresponding to martensitic start and martensitic finish temperatures, respectively. As is
illustrated at the right columns of each figure in Fig. 3, each coloured curve for the heating/
cooling processes coincides with each other at MS1 and AF1 while they do not coincide at the
temperatures MF1 and AS1. Further decreasing of the temperature leads to a strongly martensite
state, which starts at MS and ends at MF. Thus, we have two separate MTH loops; one is at the
lower temperature (or the major thermal hysteresis) while the other occurs at larger temper‐
atures (minor thermal loops). For the major case, we note that the loops shift to the higher
temperatures and the actual loop area becomes smaller after the decrease of D0. But, the minor
loop shifts to the lower temperatures while the amount of the hysteresis remains approxi‐
mately the same. A direct comparison of the left/right panels of Fig. 3a with those of Fig. 3b
shows how the particle size correlates with all characteristic temperatures.
For understanding the features associated with the MTH behaviours in composite hexagonal
nanoparticles (CM-HNPs), we have proceeded to calculate the magnetization as a function of
temperature for the same system, but using JCS = –J0 instead of JCS = J0, whose results are shown
in Figs. 4a and 4b. Again, we consider four- and five-shell NPs under zero magnetic field (h =
0.0). The new values of D0 associated with the observation of MT/AT structural phase transi‐
tions are listed in each figure. In this case, the small positive values of the single-ion anisotropy
are needed for the generic property of MTH loops presented in the previous figure. As
demonstrated by Fig. 4, the AFM C/S dipolar interaction with JCS = –J0 also influences the
heights, widths and the positions of the major and minor loops presented in Fig. 3. This fact
states that, at constant R and K0, all characteristic temperatures are decreasing functions of D0
which determine the smoothness of the reversal. The small hysteresis loops seen in Fig. 4a
indicate that the friction to resist the structural transformation is small. According to Hu et al.
[15], the small thermal hysteresis is the aspiration of an engineer in applying the materials in
magnetocaloric refrigeration. This makes the present CM-HNPs attractive for real applications
in new technologies [37].
3.2. Thermal hysteresis for cubic nanoparticles
Another class of small particles known in the literature are called cubic nanoparticles (CNPs).
The CNPs attach face-to-face to the surrounding particles. They can form a 2D square array
instead of hexagonal ones (Fig. 2). The square array is one of the closed-packed arrangements
and the CNPs with a square array have large surface to volume ratios. Owing to their different
electronic properties, in recent years, the CNPs received much attention for applications mostly
in material science, sensor technology and semiconductor devices. But, the magnetic properties
have been very sensitive to the particle shape due to dominating role of surface anisotropy in
its magnetization. Compared to the spherical nanoparticles (SNPs), the flat surface of CNPs
enabled the surface metal captions to possess a more symmetric coordination. So, the surface
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anisotropy in the CNPs should be much smaller than the one in HNPs and SNPs. If the
magnetic anisotropy of the CNPs is cubic, all such six directions are magnetically identical,
and hence the magnetically ordered assembly is greatly simplified. The anisotropy of the
growth rate can be ascribed to a different adhesion of the stabilizer on the growing surface.
The stabilizer species is the only parameter which was changed to obtain cubical shapes instead
of spheres. Because of the above properties, the single-domain CNPs with surface anisotropy
were widely investigated using various numerical methods [38–42].
For the sake of comparison with that of HNPs, we here reestablish the MTH curves of the
homogeneous cubic nanoparticles (HM-CNPs) and composite cubic nanoparticles (CM-CNPs)
by using the same procedure as in the preceding section (Figs. 3 and 4) and focus on the
Figure 3. Magnetic thermal hysteresis loops for the HM-HNPs with (a) R = 4 and (b) R = 5 shells. JC = JCS = JS = J0 = 1.0; KC
= KCS = KS = K0 = –0.6; DC = DS = D0 and h = 0.0.
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important difference between the martensitic and austenitic transition temperatures, derived
from these hysteresis loops, for the CNPs and HNPs. The general aspects of the MTH loops
for the CNPs displayed in Figs. 5 and 6 are similar to one for the HNPs given in Figs. 3 and 4.
But, the loops are calculated using bigger particles (R = 6 and R = 7 shells) with greater single-
ion anisotropy values, which determine the smoothness of the reversal. It is observed that the
transition temperatures diminish when reducing the nanoparticles size in correlation with a
smoother conversion, seen in Figs. 5a and 5b. In addition, while the NP sizes are increasing,
the single-ion anisotropy parameter also increases and thermal hysteresis loop appears as a
rectangular-shaped loop (D0 = –0.265) as shown in Fig. 5b. The single-ion anisotropy parameter
Figure 4. Same as Fig. 3 but for the CM-HNPs with JCS = –J0.
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decreases at the larger radius values for the CM-CNPs in Figs. 6a and 6b. If we compare the
HM-NPs and CM-NPs, it can be seen that magnetization shows almost the same values but,
the transition temperatures of MTH loops for HM-NPs occurred at higher values.
Figure 5. Same as Fig. 3 but for a HM-CNPs with (a) R = 6 and (b) R = 7 shells.
In general, the thermal hysteresis becomes weaker but, nevertheless, does not disappear
completely with increasing NP sizes for the CM-NPs. All loops widen as R decreases for both
HM-HNPs and HM-CNPs. Also, a large decrease in transition temperatures occur when the
particle structure changes from hexagonal to cubic array. The CNPs ensure that all magnetic
properties are well understood because of their easily recognizable magnetization axes and
well-defined crystallographic surfaces.
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4. Conclusion
In this chapter, we have presented a review of thermal reversal properties of the C/S NPs
related with the martensitic/austenitic phase transitions. These properties have been recently
studied using a powerful statistical mechanics approach called the pair approximation
technique. According to the theoretical calculations performed for the hexagonal and cubic
NPs at a given particle radius, magnetization versus temperature variations are essentially two
closed loops, i.e. MTH curves or loops because of the structural phase transitions from M state
to A state (or from A phase to M phase) during heating–cooling processes.
Our review draws a number of important physical properties for the MTH curves regarding
the sign of the quadrupolar interactions (K0) and the values of sing-ion anisotropy (D0) within
the NPs. (1) During heating–cooling processes, we observe TH behaviours for the particles’
magnetization, which is indicative of a first-order transition when the quadrupolar interaction
is repulsive. The positions and shapes of the loops and the loop area depend on the values of
crystal-field parameter as well as the size of the particle. (2) We also show that the thermal
Figure 6. Same as Fig. 4 but for a CM-CNPs with (a) R = 6 and (b) R = 7 shells.
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evolution of the magnetization separates the TH loops into two different regions, which have
different ordering temperatures. In other words, we observe two TH loops; one (major loop)
is at lower temperatures and the other (minor loop) at higher temperatures. (3) We fully explain
the thermal reversal process and show that the temperatures at which the NPs reverses its
magnetization depend on the applied external magnetic fields while the single-ion anisotropy
determines the width and smoothness of the reversal. (4) Most important is the fact that, by
varying C/S dipolar interaction from FM-type to AFM-type as well as by changing crystal field
parameter from negative to positive values, a very small TH loop can be obtained and the
structural transition temperatures can be turned over a small range of working temperatures.
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